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THE GAUSSIAN LAW AND THE
LAW OF THE ITERATED LOGARITHM FOR
LACUNARY SETS OF CHARACTERS

BY

E. DUDLEY

ABSTRACT. Salem and Zygmund showed that the Gaussian law
holds for Hadamard sequences of real numbers while Mary Weiss proved
a similar result for the law of the iterated logarithm. In the present paper,
the author obtains corresponding results for lacunary sets of characters
of an arbitrary infinite compact abelian group. It is shown that the laws
are best satisfied for a certain class of lacunary sets but that modified
results apply to more general classes.

1

1.1. Edwards, Hewitt and Ross [1] conjecture that general classes of
lacunary sets of characters of a compact abelian group exhibit properties similar
to those known to hold for Hadamard sets of integers. Such a property which
has been shown to hold in the abstract setting is the Fatou-Zygmund property
(see Edwards, Hewitt and Ross [2] and Drury [1]). Two theorems describing
the behaviour of Hadamard sequences are analogous to well-known theorems in
probability theory dealing with sequences of independent random variables.
These are the Gaussian law or Liapounov’s theorem (see Gnedenko [1, §42])
and the law of the iterated logarithm or Kolmogorov’s theorem (see Kolmogorov
[1]). In this paper we demonstrate that both theorems hold for certain sub-
classes of Ste&kin sets of characters of an arbitrary infinite abelian group. R.C.
Baker [1] has produced results in connection with the Gaussian law. We clarify
and extend these results. We begin by stating the theorems we will be concerned
with as they apply to sequences of independent random variables on a probability
space.

1.2. Li1aApouNov’s THEOREM (THE GAUSSIAN LAW). Let P be a probability
measure on a probability space Q and let {f,};=, be a sequence of bounded
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188 E. DUDLEY

independent random variables such that [, f;, dP = 0 for each k = 1,2, . ...
We set S, = Zi_; fis B, = (Zie=y faf? dPy* and M, =maxy_; 5 . ol fille-
Then if it is true that (i) B, —> ° as n —> o, and (i) M,,B;* = o(1) as n — o,
it follows that

lim P{t: S,(1) <yB,} = @ny*% [ exp(-*2)dt

n—»>oco

for all real numbers y.

The function on the right side of the above equality is called the normal
distribution with variance 1 and will be denoted by the symbol G,(y). The
theorem stated is less general than that appearing in Gnedenko but is the most
appropriate formulation for our purposes.

1.3. KOLMOGOROV’S THEOREM (THE LAW OF THE ITERATED LOGARITHM).
Let Q,P, {f,Yo=15Sn> B, and M, be as in 1.2. Then if it is true that (i) B,
—» o0, and (i) M,,B;;* (log log B,)” = o(1) as n — oo, we have

lim sup S,(2B% loglog B,) ™ =1 a.e.
n—co

1.4. Salem and Zygmund [1], [2] showed that the conclusion of 1.2
holds for Q = T, the circle group, for P, normalized Haar measured on T and
{fiYe=1> a sequence of trigonometric functions defined by each ¢ € T by

Fi(®) = a; cos(n,t) + by sin(n, 1)

where a; and b, are real numbers and {n; }¢=1 is a Hadamard sequence of posi-
tive integers (that is, n, . ,/n, = q for some real number ¢ > 1 and all k). Note
that the f;’s are not independent. After preliminary results were obtained by
Salem and Zygmund [3] and Erdés and Gdl [1], the corresponding theorem 1.3
was proved by Mary Weiss [1].

1.5. We now give a formulation of the abstract problem. Throughout this
paper, unless otherwise specified, the symbol G will be used to denote an arbitrary
infinite compact abelian group. A will denote normalized Haar measure on G
while the character group of G, which will be taken to be a multiplicative group,
will be denoted by G. Let T'= {X,},= be a sequence of nonempty, pairwise
disjoint, finite subsets of G which are symmetric (that is, x € X,, implies that
xle X,,). Suppose that, for a given countably infinite, symmetric subset Q of
Up=1X,,, there is defined a complex-valued function u on @ which is symmetric
(that is, u(x"!) = u(x)). We put @, = Q N X,, and set

=3 X uton B,.=<Z"I ) Iu(x)l2>%.
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and

Mo = T% e, MOk
Obviously S,,, B, and M, depend on 7, @ and u but in most instances
there will be no need to indicate this explicitly.
We investigate the behaviour of quadruples (G, v, Q, u) in relation to the
Gaussian law and the law of the iterated logarithm. Specifically, we suppose
that R is a lacunary property of subsets of G and we set

Hp ¢ = {(G, 7. Q, u): Q =P U P!, P has property R}

where P! = {x™1: x € P}. It is then natural to ask for what properties R do
the conclusions of 1.2 and 1.3 hold in the case when Q = G, P = A, (G, v, Q, u)
€Hy g and fi, = Zyeg, u(X)x- We will show that the conclusion of 1.2 holds
for a certain subclass of Stetkin sets but fails for other such sets and a modified
law of the iterated logarithm holds to varying degrees for different subclasses of
Stetkin sets.

The sets examined are defined in §2 and certain properties are proved
which are intimately connected with the quasi independence of the sets in ques-
tion. In §3, we prove the Gaussian law for a certain lacunary property and show
that it fails to hold for other properties. In §4, we introduce parts of the theory
of dyadic representations of positive integers to obtain an estimate of the L,
norm of functions each of whose values at a given point is the supremum of the
values of a finite number of trigonometric polynomials. Finally in §5, we utilize
the results obtained in § §2 and 4 to prove a law of the iterated logarithm for
lacunary sets of characters.

1.6. Throughout this paper, we denote the set of integers by Z, the positive
integers by N, the real numbers by R and the complex numbers by K. We use
the symbols [, b], 14, [, [4, b[ and 14, b] fora, b €R and a < b to denote the
appropriate closed interval, open interval and half open intervals of real numbers.
For certain subsections which will be indicated, we will use this notation to denote
intervals of integers. For S any set, we write card S for the cardinality of §. For
£, a real-valued function, and @ € R, we write {f > a} for the set {t: f(t) > a}.
For f, a nonzero complex-valued function, we denote by f~! the function f~*:

t — (f(©))"!. Note that for x € G, X! is the group inverse of x. For P C G,
we set P! = {5"!: x EP}. The end of a proof will be denoted by the symbol .

2

2.1. We denote the identity element of G by the symbol 1. For each P
C @, we set

PQ)={x€P:* =1} and P(2) = {xEP:x*+#1}.
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The definitions which follow stem in part from SteZkin’s work [1] and are in

part similar to those appearing in §10 of Edwards, Hewitt and Ross [2]. For
n€Nand P C G, we let S,(P, n) be the set of all functions g defined on P which
take values in {~2,-1, 0, 1, 2} and have the properties that Z, cplg(x)| = n and
g00 € {-1,0, 1} for all x € P(2). We let S, (P, n) consist of all functions in
S,(P, n) which take values in {~1,0, 1}. For ¢ € G andj =1 or 2, we set

S;@ n, ¢)= {g e 5@ ny: [T x¥® =9}
XEP

DEFINITIONS. Let P be a nonempty subset of G such that P(>2) N P(>2) !
=@ and let j = 1 or 2. Then we say that P has property (Ri) if there exists a
positive number w such that card S;(P, n, 1) < " for all n € N. The set of all
w = 1 which have this property clearly has a minimum element called the Ry
bound for P. We will say that P is a j-dissociate set if, for each n € N, the set
Sj(P, n, 1) is empty. If P is the finite union of sets, each of which has the prop-
erty (Ri)’ then we will say that P is a j-Steckin set.

2.2. CoMMENT. Since we have S,(P, n, 1) CS,(P, n, 1) foralln EN, it
is clear that a set having property (R,) has property (R,), that a 2-dissociate set
is a 1-dissociate set and that a 2-Steckin set is a 1-Steckin set. However a 1-dis-
sociate set may fail to be a 2-Steckin set. An example of such a set will be given
in 3.3.

2.3. The next two lemmas yield the properties critical for the theorems
that follow.

LEMMA. Suppose that P C G has the property (R,) with R,-bound equal
to w and let £ be any positive number less than «w™!. Further let V be a non-
empty finite subset of P and f a complex-valued function defined on V x {-2,
-1,0, 1, 2} such that:

(i) if x € V(2), then f(x, k) is nonzero only if k € {-1,0, 1}; and

(i) forall x€EVand k € {~2,-1,0, 1,2}, |f(x, k)l < £*1£(x, 0)I. Then

we have

I

XEV

2
( 2 fe k)x") a- 1 fe O)I
(i) k=—2 XEV
<tw(l - )™ IT 170 O)l.
XEV
Proor. For convenience, set 4 = {~2,-1,0, 1, 2}. We let B be the set

of all nonzero fu actions from V into 4 and we set

C=]g€B: H x¥®) =11,
XEV
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It is clear that
I ( > 1o k))(‘)
(2.1) XEV \kEA

=11 0+ X I fix.200) T x¥™.

XEV gEB xEV XEV

Recalling that f;xd\ = 8, ; and integrating both sides of (2.1), we obtain

JexEYan= [T f(x.0) + £ 8-
Jo I, (&7 ”‘) ooz L
To prove (iii), it is sufficient to show that
22) > IT 176 2000 < £l —£w)™! [T 1f(x, 0.
8€C xeV XEV

By condition (i), a summand in the left side of (2.2) is nonzero only if g(x) €
{~1,0, 1} for x € V(2). A function g € C which has this property belongs to
S,(V, Z,cp&(x), 1). Noting condition (i) and the fact that Z, evlgX) = n for
g €5,(V, n, 1), we obtain

S i< X I 1706200

8EC xEV n=1 gesz(V,n,l) XEV

<M fel Y ¥ &

XEV n=1 gES,(V,n,1)

= IT Ifx. )l Z card S,(¥, n, 1)E".
XEV
Since we have S,(V, n, 1) < card S,(P, n, 1) < ", an easy calculation yields
22). o
24. A similar argument yields the following:

LEMMA. Suppose that P C G has the property (R,) with R,-bound equal
to w and let § be a positive number less than ™. Further let V be a finite
subset of P and f a complex-valued function defined on V x {-1,0, 1} such that
forall x€EVand k € {-1,0, 1}, we have

(23) 1£06 B < E*11 £ (x, O)I.

Then we have the following estimate:

J, XIEIV( )> fcx,k)x")dx— I re 0),

ke{-1,0,1} XEV

<to( -y IT 170, 0)1.

XEV
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2.5. For the remainder of this section, we will consider nonempty sets
P C G for which P(C>2) N P(>2)"! = &. We let V be any nonempty finite sub-
set of P and we put W= VU V™!, Furthermore we let u be a symmetric function
defined on W and we set

S= 2 uGx B=(Z |u(x)lz)yz and M=)1(1éa’i,(lu(x)l.

XEW XEW

There will be no necessity to indicate explicitly the dependence of S, B and M on
W and n. We show that sets having the properties (R,) or (R,) satisfy certain
integral estimates critical to the proof that such sets have the iterated logarithm
property and the Gaussian property.

2.6. THEOREM. () Suppose that P has property (R,) with R, -bound
equal to w. Let € be any positive number less than 12 and suppose that 0 is any
complex number such that

(24) 48wl0IM < e.
Then the following is true:

(25) fG exp(6S)d\ = (1 + n,) exp(#02B2(1 + n,)) + n3101>B exp(3101°B?)

where n,, n, and 04 are complex numbers each of which has absolute value at
most equal to €.
(b) If, in addition, @ is positive, then we have

Ji; exp6S)a = (1 + n,) exp(40B*(1 + m,)

where n, and 1, are real numbers, each of which has absolute value at most
equal to e.

2.7. THEOREM. Suppose that P has property (R,) with R-bound equal
to w. Let € be any positive number less than 1 and suppose that 0 is a positive
number such that 400M < €. We have

(1-¢< fG exp(@S)d\ < (1 + €) exp((1 + €)92B?).

2.8. ProoF oF 2.6(a). For |z| <, we have, from the power series of
the log function,

(2.6) expz = (1 +z+ %z®) exp h(z) where |h(z)| < 3lz|3.
Noting that 2[0] [u()l < 2101M < e(24w)™! < %, we write

exp@S)= I exp@uixd II  exp(6uGix + 0uix~)x™")

(2.7) XEV(2) XEV(>2)

= 82)A>2)22)®>2)
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where
BAay= TT (1 +0uGox + %0°@0)®)
XEV(2)
Aisqy = T+ 6up)x + 0uG ! + %(6u(X + 0u(Hx M),
XEV(>2)
@,y = [ exp h(uG)X)
XEV(2)
and
(28) Bz = I exp hOuOOX + 8u( )X

XEV(>2)

From (2.6), we conclude that

T h@ue) + X hOuOdx + 6uG X

XEV(2) XEV(>2)

< Y 3ueOxP+ X 310uGox + 0ul X
XEV(2) XEV(>2)

<3 Y 0PMue)R +24 Y 10PMIue)l

XEV(2) XEV(>2)

<12|e|3M( T lup+2 % |u(x)|2).

XEV(2) XEV(>2)

Since we are given that 48|0|M < € and since it is readily observed that B2 =
2 ev@HO0l® + 22, cp>2)0)I2, we conclude that

Y hOue)+ X ROuGOX + 0uGXT)

XEV(2) XEV(>2)

(29) < (e/4)1012B2.

Since lexp z — 1] < |z explz| for all z, it follows that
(2.10)  1B5)(O)0(55)(1) = 11 < (¢/4)I61*B* exp((e/4)I61*B*) for all t EG.
We now estimate [A,)A(5,)d\. From (2.8), we write

Ay = TT (1 +0uGox + %6%uG)l)
XEV(2)

and

Ao = II (1 +06%uG)P +6u0x + 6ul X!
XEV(>2)

+ %0%u(0)x® + %02ul )X ?)
We estimate [ GA(z)A(>2)d)\ by applying 2.3. We set & = 2|0|M and define fin
the appropriate manner. It is clear that condition (i) of the lemma holds for our
function f while condition (ii) is seen to hold for our choice of f and & once we
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observe that
11+ 62|uGl?l =1-0*M2>% (see (24)).
We obtain
[ Aapent=0+n) TI @ +%0%uco)
XEV(2)
2.11)
x JI a+6%ueP)
XEV(>2)
where

Iy | < geo(1 - gw) ™
= 2/ 1Ml - 2(01Mw)™!
<e (since 210|Mw < €/24 < % by (2.4)).
For |u| <%, we have the formula
1 +u = exp(u + k(u)) where |k(u)l < 2lul?.
We rewrite (2.11) as

2 2 2
fG AgyAaydh = (1 +1y) ervI(z) exp(402lu()I? + k(%62 1u(x)1))

2.12) x JI exp(6*1u()l?® + k(@©@%1u()1?))

XEV(>2)

= (1 + n,) exp(462B2(1 + n,))
where

XEV(2) XEV(>2)

1, = 2(9232)-1< S k@O2Iu0OP) + Y k(02|u(x)lz)).
We have
In,l < 4(|o|232)-1( T el + X lel“lu(x)l“)

XEV(2) XEV(>2)

<|o|23-2< T el +2 X Iu(x)l"')

XEV(2) XEV(>2)

<|a|2M23‘2< Y weP+2 Y lu(x)lz)

XEV(2) XEV(>2)
= |012M? < ¢/2.
From (2.7), we have

J exe8)ah = [ B2yB> 2822 2N

= fG B2)A(>2)dA — fo (1 = @(2)®(>2))8(2)A> 2y AN
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In view of (2.10) and (2.12), it remains to show that
.[G 1A2)A>2)l A < 4 exp(31612B2).

By Holder’s inequality, it is sufficient to show that
@.13) fG 182)A 521 A < 16 exp(61012B2).

Noting that u(x)x + u(¢"1)x™! is real for x € V(>2) and u symmetric, we obtain
for x € V(>2) after a routine calculation using the estimate (0] [u(x)| < 101M <
14,

11+ 6O + u(T X! + %02 @OX + uG TP

<1+ @ + DHuoox + ue ) + 120012 luG)l?.
A similar calculation yields for x € V(2):
11 + 0u0dx + %02l <1+ (@ + Budx + 6101210

Noting (2.8), we combine these estimates to obtain

ByAsnP < TT (1 +60121ue)l + @ + 8)ux)
XEV(2)

x I @+ 1202100 + 0 + Buedx + uc K )-

XEV(>2)

We apply 2.3 again for ¢ = [§|M to obtain

S BaaenPa<a+at)y T +66%lutoR)
XEV(2)

« I @+ 120%lu)i?)
XEV(>2)
where ! is necessarily real and [n*| < £w(1 - £w) ™! < wlBIM(1 — wIBIM)! <
1.
Now since 1 + x < exp x for all x > 0, we have

fG AyAayPdn<2 T exp(6l6Plu0)®) T  exp(1216121u()1*)
XEV(2) XEV(>2)

< 2 exp(610/%B?).

Thus we have shown (2.13) and our proof is complete. O

2.9. PRrooF oF 2.6(b). We note that, if z is real and |z] > 1, then, in
(2.6), the function h(z) is real valued and 1 + z + %22 > % > 0. It follows
“from (2.8) and (2.9) that exp(—(e/4)8%B?) < D5y ®(>2) < exp((¢/4)0%B?).
Since A,y and A(>2) are greater than 0, we obtain
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exp(—(€/4)0B?) fG B2)A2ydA < fG D(2)2(>2)82)A(>2) A
< exp((e/4)67B%) [ AyA55) M.

The desired result is obtained by combining (2.7) with (2.12) and (2.14). ©
2.10. Proor oF 2.7. For |z] < %, we have

(2.15) exp z = (1 + 2) exp(%(1 +j(2))z%) where |j(z)| < |zl.

Note that if z is real then so is j(z). Noting that 20Ju(x)l < 20M < %, we
write

(2.14)

exp(08)= T exp@uo0n) I exp(6uGx + 6u(x)x™")

XEV(2) XEV(>2)
= [T a+6uood TI @+ 6uGox+ 6u ™)
XEV(2) XEV(>2)
(2.16) x TI  exp(4(1 + jOuOOX6u()?)
XEV(2)
x I exp(4(1 +j@u0dx + 8ul "))
XEV(>2)

x 02@OOX + w0 X))
Note that Qu(x)x + 0u(x~1)x™! for x € V(>2) and u(x) for x € V(2) are
real valued and have absolute value less than or equal to 20|u(x)l < 20M. We use
the bound on j(z) given in (2.15) and the fact that B% = 2, o/, lu(OI* +
22, ep(>2)H0)I? to obtain
1< T exp(4(1 +j6u000)*u(0?)

XEV(2)

x JI  exp(4(1 + j@u(ox + 6ui "))
XEV(>2)

(2.17) x 62wOOx + w6 H)?)
< JI exp(%Q1 + €}%lu(x)?)

XEV(2)

x I exp(1 + €6%u00x?)
XEV(>2)

< exp((1 + €)9%B?).

Since 1 + Ou(x)x = % > 0 for x € V(2) and 1 + Ou(x)x + Ou(x X1 =% >0
for x € V(>2), we infer from (2.16) and (2.17) that

A < exp(85) < exp((1 + €)9%B%)A
where
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A= T a+6ueon) T1 (1 +06uGox +0u W)

XEV(2) XEV(>2)

It remains to observe that 2.4 can be used to evaluate f[;Ad\. We obtain
JgAd\ =1+ n where |n] < 0Mw(1 - OMw)™. o

2.11. An upper bound for [ exp(6S)dA is easily computed using Holder’s
inequality for the case in which P is a 2-Steckin set and 6 > 0.

COROLLARY. Suppose that P is a 2-Steckin set which is the union of m
setsP,, P,,. .., P,, each P having the property (R,) with R,-bound equal to
wy. Let v =max, _ 1,2,00,m @k Let € be any positive number less than 12 and
suppose that 0 is a positive number such that 48wMOM < e. It follows that

(2.18) fG exp(8S)d\ < (1 + €) exp((m/2)0%B2(1 + €)).

Proor. We write V' = |Ji'= V; where ¥, C P,. Without loss of general-
ity, we may suppose that this union is a disjoint union of nonempty sets. Setting
W, =V, U V!, we define

Se= 2 u0dx Bk=< > lu(x)l2>l/S and M, = max lu®X)l
xewk

xEWk

It is clear that

m m %
@19  s=3 s, B=(z B2) and M= max M,.
k=1 k=1,....m
We apply 2.6(b) to obtain
fG exp(mfB,)dA < (1 + ¢) exp(%m2023,3(1 + €)).
We rewrite this as

(2.20) lexp(mBS L™ < (1 + €)1/™ exp(6mf*B2(1 + €)).

Since we have exp(6S) = II7._, (exp(mBSk))‘/ ™ we can apply (12.5) of Hewitt
and Ross, Vol. I, to obtain

m
fG exp(8S)an < [] llexp(mGSk)II}/'”.
k=1

Noting (2.19) and (2.20), we conclude that (2.18) holds. ©
2.12. A similar argument yields the corresponding corollary to 2.7.

COROLLARY. Suppose that P is a 1-Steckin set which is the union of m
setsP,, P,, ..., P,, each P, having property (R,) with R-bound equal to c,.
Put «w =max; _, 2,...mWy- Lete be any positive number less than 1 and suppose
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that 0 is a positive number such that 4.oMOM < €. We have
@21) fG exp(8S)d\ < (1 + €) exp(1 + eymo2B?).

2.13. The inequalities (2.18) and (2.21) are those used to prove our version
of the law of iterated logarithm. It will prove convenient to formulate the follow-
ing definition.

DEFINITION. A nonempty set of characters P such that P(>2) N P(>2)™!
= ¢ is said to be ®-bounded by a positive number ¢ if there exist positive num-
bers k,, k, and k5, such that the following property holds. Given a finite non-
empty subset V of P, a symmetric function u defined on W=V U V~!anda
positive number € less than &, then if 6 is a positive number such that k,0M <
€, we have

fG exp(6S)d\ < k, exp(#(1 + €)92B?).

2.14. We reformulate 2.11 and 2.12 as:

THEOREM. (a) A 2-Stetkin set which is the union of m sets having the
property (R,) is ®-bounded by %:m.

(b) A 1-Stekin set which is the union of m sets having the property (R,)
is ®-bounded by m.

2.15. We have the following easy consequences of the definition.

THEOREM. Suppose that P is ®-bounded by ¢. Let V be a finite nonempty
subset of P and suppose that u is a symmetric function defined on W=V U V™1,
Let € be a positive number such that k,M < €. Then for any real number y, we
have

AS >y} <k exp(¢(1 + €)92B% - 6).
ProoF. The proof follows readily from the inequality:
AS > v} exp(6y) < fG exp(6S)d\. O

3

3.1. We now prove the Gaussian law for sets having the property (R,) and
show that it can fail for the union of two such sets and for sets having the prop-

erty (R,).

THEOREM. Let T = {X,} _, be as described in 1.5. Suppose that P C
U, =1X,, is a countably infinite set having the property (R,) with R,-bound
equal to w. Let u be a symmetric function defined on Q = P U P~} and suppose



LACUNARY SETS OF CHARACTERS 199

that (i) B, — o, and (ii) M,B;! = o(1) as n — . Then we have
lim M, <yB,}= @) %[ exp(-%r2)dt = G,(»)
n—>oo —o0

forally €R.

ProoF. Setting F,,: y — A{S, < ¥B,}, we define the characteristic func-
tion f,, of F, by the formula:

fo@) = [ expliuy)dF, () = S, exp(ius,B;1)an.

Since exp(-%u?) is the characteristic function of G,(»), in order to prove our
theorem, it suffices to show that, for any 4 > 0, lim,_,,, f,(4) = exp(—%u?)
uniformly for |u| < A4 (see Gnedenko [1, §38]). Let € be any positive number
less than 12. Choose n, € N such that 48wAM, B, ! < ¢ forall n> n.. For
each n > n_ and each u such that |u] < A4, we apply 2.6(a) to the set V =
U%=1P; where P, = X, N P, for € as given and for § = iuB,!. We obtain

f,@) = (1 + n,) exp(=%u?(1 + n,)) + n,u? exp(3?)

where n,, 0, and 7, depend on n and u but have absolute value less than e.
Clearly we have lim,,_, ., f,,(4) = exp(- %u?) uniformly for lu| < A as required. o

3.2. We now produce an example to show that the Gaussian law fails for
a set which is the union of two 2-dissociate sets. Let G = Z(2)V, the set of all
sequences x = {xi}}’;__l of elements of {0, 1} with componentwise addition mod-
ulo 2 as the group operation. For F a nonempty finite subset of N, we define
the character

x(G:i€F):x— [ 1.
jEF

For each j EN, we set X; = X(1,j + 1), x(G + 1)}. Welet P= {x(1,j + 1),
x(j + 1): jEN}. Clearly we have Q=PUP™! =Pand 0, =Q N X, = X,.
Further note that Q is the union of the 2-dissociate sets {x(j + 1): j € N} and
{x(1,j + 1): j EN}. Let u be the function which is identically equal to 1 on Q.
We observe that, for x € Z(2),

S,00=3 x(Lj+ DX+ 3 xG + DK
j=1 =1

e +(—1)"‘)ii x(i + 1)
=1
and

B, = (2n)%.
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Now, for y > 0, we have

i=1

AS, <yB,} = R({x: x, =1}V 3x: x, =0and 2 Zn x(1 +])(x)<yB"}>

n
=%+%?\32 3 x(1 +1’)<an§
j=1

while, for y < 0, we obtain

A{S, <yB,} = %)\32 zn: x(1 +]')<an§.
i=1

Since {x(1 +j):j € N} is a 2-dissociate set, we apply 3.1 to conclude that

%+ %G, (27 %) ify>o0,
[lim A{S, <yB,}=
%G, (27%y) ify<o.

Note that the function on the right side of the above expression is discontinuous

at zero.
3.3. A similar example shows that the Gaussian law fails to hold for 1-dis-

sociate sets. Let G = Z(4) x Z(2)". Each element x of G can be expressed in
the form x = (xy, x) where x, € {0, 1,2, 3} and x! € Z(2)". Let x; be the
character x;: (xo, x!) — #ox(j)(x'). Thus we readily calculate that

2X(j)(xl) ifxo = 0’
X (g5 x1) + X5 (g, x) = {0 ifx,=1o0r3,
-2x(Nx!) if xy = 2.
The set P = {xi: j € N} is easily shown to be a 1-dissociate set but it fails
to be a 2-Stetkin set. (Observe that x7x32 = 1 for all j, k €N) A similar argu-
ment to the one given in 3.2 shows that the Gaussian law fails for the set P.

4

©0

4.1. In this section, we suppose that T = {X,},/ is a partition of a
countably infinite subset of G by finite nonempty symmetric sets. Further we
let Q be an infinite symmetric subset of {J,_, X,, and we let 4 be a symmetric
function defined on Q. We will obtain an estimate for

max s, -8 )
r:m<r<m+p( r m)

form pEN, s> 2,
s

in the cases where Q is a Ag set for all ¢ > 2. This will enable us to show that

2 —b2 __ 2 —Y%
rioy <rrr1i); - IS,(2B; log log B,) Spk(ZBpk log log BPk) |
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can be made small almost everywhere for a suitable sequence {p;};-, and large
k. In establishing our result, we use properties of the dyadic representations of
positive integers. We refine a technique used by Révész [1] in his proof of the
law of the iterated logarithm for equinormed strongly multiplicative systems.

We will agree that all intervals used in this section are intervals of
integers. For kK € N, we set

E, = {{5-}}‘552 8;=0or1and 8, = 0}.

For {6 }_o €E,,, we use the symbol (808 *8,), to denote the nonnega-
tive integer E" 6,2"' and refer to (5,8, * -6 )2 as the nth dyadic representa-
tion of E” 81 2"“’ In what follows, we will agree to use the symbols 6; and

8i for each j € N only to denote elements of {0, 1}. Further we will only have
cause to refer to nth dyadic representations where n is an unspecified positive
integer. For A = {5;}*=] € E, where 0 <k <n, we put

AQ) = (8gBy =+ 8,400+ 0), and A(1)= (88, " 5;_410+"-0),.

It is readily seen that each nonnegative integer p < 2" has a unique nth dyadic
representation and that (8,8, * * - 5,), <(8g8] * * * 83), if and only if §, < &}
where r = min{k: §, #§ ,l‘}. It will prove convenient to define for p, n € N
and k €]0, n], D(p, n, k) = {A €E,: AQ1) < p}.

4.2. The following lemma furnishes us with the properties of dyadic repre-
sentations we need.

LEMMA. Let m € Z and p, n € N such that p <2". Fork=1,2,...,n,
define

Q= {[m+ A0), m + A(1)[ : A€ D(p, n, k)}

and set = Ji=, Q- Then the following are true:
) Uyeqd=[m m+pl[;
(ii) for each x € [m, m + p[, the set {A € Q: x € A} has at most n ele-
ments,
(iii) if f is a real-valued nondecreasing function defined on [m, m + p], then

n

> fm+AQ) -f(m + AQ)) < n(f(m + p) - f(m)).

k=1 AED(p,n,k)

Proor. Without loss of generality, we may suppose that m = 0. Letp =
Gody 002

Let us prove (i). It is clear that |J,cq 4 C [0, p[ since each set which is
an element of Q, is a subset of [0, p[. To prove the reverse inclusion, let x =
(638] - --81), € [0, p[. Then if 7 = min{j: §, #8, }, we know that 8! <5,
and therefore we have
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X € [(548) ++ 81,0+~ 0), (538} « -+ 87,10+ 0),[.

Further since 8} =8, fork=0,1,...,7—1and §, = 1, it is clear that the
right endpoint of the above interval is at most equal to p and the interval is con-
sequently an element of ,. Part (i) is thus established.

To conclude that (ii) is true, we observe that the sets contained in &, are
mutually disjoint sets (that is, if A(0) < A'(0) for A, A’ € E,, then A(1) <
A'(0)).

Finally we take up (iii). If fis a real-valued nondecreasing function defined
on [0, p], then the function g(x) = f(x + 1) — f(x) defined on [0, p[ is a non-
negative function and we have

f®)-f@= Y gk for0<a<b<p.

kE€[a,b[
Thus we have
n n
> X faay-rfaop=Yy X > &)
k=1 AED(p,n,k) k=1 A€D(p,n,k) x€[A(0),A(1)]

=Y ¥ T =3 ¥

k=1 A€EQ, x€A AEQN xEA

(note that Q is the disjoint union of the £, ’s)

= X  cad{dE€Q:xEA}gk)
xEUAEﬂA

<n 2 g(x) (by parts (i) and (ii))

x€[0,p]

<n(f(p)-f0). o

4.3. For the remainder of this section, we will let m denote an arbitrary
nonnegative integer and n an arbitrary positive integer. Forj<nand A € Ei’
we define

(4.1) Hm’ n, j’ A) = Sm +A(1) - Sm“"A(o)'

LEMMA. We have the following decomposition:
n
Sy + B8y "t 8,) =8y =Y 8;T(m, n, j, {8, 120)-
=1

Proor. Forj=1 and 8, = 1, we have

8] T(m’ n’ j’ {8k};c—'-:0) = Sm +(5 05 1 '"6}_15"0'“0)2 - Sm +(8 06 1'"8,-_1 0"'0)2'
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This inequality holds if §; = 0 since both sides are zero. By summing both sides
and noting that all the middle terms in the right side cancel, we obtain

n
j;l Gjﬂm, n,j, {8,,}{;‘0) = Sm+(5 0b l'"sn)2 - Sm+(8 000"'0)2

=Sm+6gsy5,); Sme O

44. LEMMA. Forj<nand A€ E'j, we have
fa T%(m, n, j, A)a\ = B a1y ~ B s acoy:

Proor. Noting (4.1), we obtain
A1)

[, 7% m i, Y& = u) J, XT0m, m, 1, B)an

k=A(0)+1 XEQ 4k

A1)
= ¥ > ux) x coefficient of X! in T(m, n, j, A)
k=A(0)+1 XEQ,y 4

AQ1)

_ 2
= 3> ¥ WOOP=BLiaq)~Bhia@)y ©
k=A(0)+1 X€EQ,, 4 &

4.5. We now suppose that Pis a A, setforall s>2andlet Q =PU P!,
Note that Q is also a A set for all s > 2 by (37.21)(a) of Hewitt and Ross, Vol.
IT [2]. Since a 1-Stetkin set is a Sidon set (see Rider [1]), it will be a A, set
for all s > 1 by (37.10) of Hewitt and Ross, Vol. II. Hence our results will be
valid whenever P is a 1-Ste&kin set.

THEOREM. For each s > 2, there exists a constant ¢, > 0 dependent only
on s such that

IT2(m, n, j, D)l < 8(BE+a(1) ~ B+ a(o)

Proor. Since T(m, n, j, A) is a trignometric polynomial of elements of Q,
there exists, by (37.7) of Hewitt and Ross, Vol. II, a constant ¢, > 0 such that

IT(m, n, j, A)II%, < ¢ IT(m, n, j, A)Ilg-
The result follows from 44. O
4.6. LEMMA. Suppose that p <2". Then we have

max p(S,-Sm)2<n(Zn: )3 T’(m,n,k,A)).

rrm<r<m+ k=1 AED(p,n,k)
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ProoF. Letr € [m, n+ p[. Then we haver=m + (§4,8, * * * §,), where
84 ***6,); <p and we obtain

= (él 8, T(m, n, k, {8;}/= }))2 (see 4.3)

n
< n(Z 8;T%(m, n, k, {8;}}= 1‘)) (by Cauchy’s inequality).
k=1

If§ sz(m, n, k, {8,};‘;11) appears as a nonzero term in our summation, we must
have 5, = 1 and hence (§¢8, ***8,_;10-+-0), < (646, * - 5,), <p which
implies that {5,}%=] € D(p, n, k). We conclude that

n

(s,—sm)2<n(z > T’(m,n,k,A)>.

k=1 AED(p,n,k)

Our result follows since r was selected arbitrarily. 0O
4.7. We now piece together 4.5 and 4.6 to obtain the key theorem in this
section.

THEOREM. Let p € N and s> 2. Then setting A, = ¢,(log 2)~2 where ¢,
is the constant appearing in 4.5, we have

< A,(log(2p))* (B2, 1, — BY)-

max (S, - Sm)zl

rm<r<m+p s

PROOF. Choose n € N such that 2"~! <p < 2". It is easily seen that
4.2 n log 2 < log(2p).

Using the inequality established in 4.6, we obtain

rm<r<m+ k=1 AED(p,n,k)

max (S, - Sm)1IL<n Zn: > T*(m, n, k, A)"
p s

n
<X > N\T2(m, n, k, A)ll, (by Minkowski’s inequality)
k=1 A€ED(p,n,k)

n

<ng, 3 Y Biiaq)~Baiaw) (by45)
k=1 AED(p,n,k)

<n¢ (B, —Br) by (4.2(ii)
< A(log 2p)*(B%,,, —B2) (by4.2)). ©
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5

5.1. We now proceed to give the statement and proof of a law of the
iterated logarithm for lacunary sets of characters. We recall the description of the
problem given in 1.5. Before stating our key theorem, we need the following
definition.

DEFINITION. Let T, Q and u be given. Suppose that {n,};_ is an in-
creasing sequence of positive integers such that

log n;(log B,,k)_" =0(1) as k — oo for some y > 0.

Then if B > 0 is the greatest lower bound for all such 7, the sequence {n,};_, is
called a f-sequence with respect to T, @ and u.

5.2. THEOREM. Let P be a countably infinite subset of G which is a Aq
set for all q = 2 and is ®-bounded by some positive number ¢ (see 2.13). Set
Q=PUP ! andlet T = {X,};_, and u be given such that Q C U5, X,
and the following conditions are satisfied:

I. B, — ®asn—> , gnd

II. M, B, ' (log log B,)* = o(1) as n — ee.

Then if {n,};—, is a B-sequence, we have

(5.1)  lim sup |s,,k|(23,2,k log log B,,k)—% < (20)%(1 + 20)" ae.

Noting 2.14, we have

¢ = ¥%m in (5.1) when P is a 2-Stetkin set which is the union of m sets
having the property (R,), and

¢ = m in (5.1) when P is a 1-Stetkin set which is the union of m sets having
the property (R, ).

5.3. We accomplish the proof of 5.2 by a succession of lemmas. In each
of these lemmas, we suppose that T, Q and u are given and that Q = PU P!,
In addition we suppose that u satisfies conditions I and II as stated in 5.2.

For notational convenience, we set

= V3
T, = (233 log log B,)”* forn€N.

LEMMA. Let YER; a,3>0and r € N. Suppose that P is ®-bounded by
¢ and let {p,},—, be a sequence of positive integers with the property that for
each j E N,

(5.2) BPk ZexpBi*+v) ifk=>r;.
It follows that

lim sup lSp

n su o, k‘ <o %Q2¢)% ae.
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ProoF. Choose j, € N such that
(5.3) BBjg +r>e

For k > rj,, we have B, > exp(Bjg + 7) > exp(e) and hence log log By, > 1.
Suppose that we are given a positive number 7 such that

54 n<k,2¢)%a*
(the constants k,, k, and k, are those appearing in 2.13). For k = rj,, we put
%2 3 0

(55) Ty =\S,, >@9)Fa™ +0)T, } = NS, T, > Qa7 + ).

For convenience, we define, for k <rj,, I'; = A{Sp x > 1}. It is well known that
if Zp— ; T <° holds, then it will follow that

lir,r‘n_'glp Skap_,: < Q9%+ ae.
Forall n > p,;,, let
(5.6) 0, = (2¢0) B, 1(2 log log B,)%.
Then by condition II on u, there exists a positive integer n' > Prj, such that
k0, M, < (2¢) %a¥n forn>n'.

If j, >jg is chosen such that B,,» < exp(8j{ + 7), then by (5.2) we know that
if k >1rj, holds, then B,, > B,. Hence for k >, we have k,0,,M,, <
(2¢) %a”n. We can now apply 2.15 for each k > rj, in the case where W =

Pk  Qj e = (2¢) “a*nand 6 = 6,,. Noting (5.4), we have e <k, and hence
for all y € R, we conclude that

—% Y1\n2 p2 _
(C)) )\{Spk >y} <kj exp(¢(l + n(2¢) "« )kaBpk Bpky).
We set y = ((29)%a ™" + )Ty, Noting (5.5) and substituting for 6, (see (5.6))
and y in (5.7), we obtain after a straightforward calculation
_(a—1 Y%, ~Y%
Ty <ky(log B, ) («7 +n(2¢)"a™%)
It follows by (4.2) that, forj =j, and 0<I<r,

— (a1 —Y %
Lypve < kj(log B, '+e) (@ +n(20)""a™)

)

< ks (87 + 7)_(‘1—1_,_"(24,)—-%“—%).

However, noting (5.3), we have forj =>j, =j,
Bi® + v =%Bj* + %Big + v > %Bi*.
We conclude that forj =/, and 0 <I<r
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~1 Yoy, % Y%
Tyipe < ky()7(e +(20)"a™);=(140(20)"2a™),

It follows that Z;°_, I'; <o and hence we have
: -1 % Y
hr;‘\_»sel_;p Skapk SQp)%a” +1n ae.
A similar argument using the function —u instead of u yields:
: - -1 % —%
hnll‘_fgp Skapk < Q2¢)*a " +1n ae.
Thus we conclude that
: -1 Y Y2
hrg_)s:p lSplepk <(2¢)*a” +n ae.

Our lemma follows since 1 can be made arbitrarily small. o©

5.4. CoMmMENT. If for each n € N, we have B, > exp(n"), then we can
apply 5.3 to conclude that lim sup,_, ., IS,|T,’ 1 =0 ae. It is not obvious that
this may occur if the rate of increase of the B,’s is restricted by condition II
placed on u. However, if u is identically equal to 1 on @, we have M,, = 1 and
Bf, = Z%_, card Q;. Condition II is clearly satisfied and by choosing the seq-
uence T = {X,}’_, in such a way that card Q, > exp(2n") we find that
lim sup,_, . IS,I7;! =0 ae.

If we specify that card @, =0(1) as n — o, then an argument which we
outline below shows that B, < exp §” for some § > 0 and hence 5.3 will not
permit us to conclude that lim sup,,_, ., IS,,IT, 1< 1 ae. If card 0, <B forall
n € N, then it follows readily from the definition that M, > B~*(B2 - B2_,)".
If B B“l is not bounded in n, it will follow- that M, B, ! does not approach 0

n-n—
thus contravening condition II. However, for B,B_!. = O0(1) as n — oo, we

n“n-1

readily conclude that B, < exp(8") for some § > 0.

5.5. We now choose a sequence {p;};—, satisfying (5.2) where <1 can
be chosen in such a way that 4.7 can be used to show that

: -1 S

(5'8) kl—l{?o n:pkénr?)épk,‘_llsnT” —Skapkl =0 ae.
The choice of a will depend on the rate of growth of B, with respect to n. The
straightforward procedure would be to define p; by p, = min{n € N: B2 >
exp(k*)}. This is inadequate since in order to show (5.8) we require that
(B2, +1 — B2, Nexp(k + 1)* — exp(k*)™") be bounded for all k. In general this
is not possible but for an appropriate choice of {p, };—, we can assure bounded-
ness for all k such that p,, > p, + 1 and this is sufficient.

LeMMA. Let a € [0, 1] and P be as in 5.3. Then there exists a strictly
increasing sequence {p,-}?Z_. 1 of positive integers with the following properties.
We define the sequence {m,.}}’;l of positive integers by setting
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(59) m; = max{k € N: B;‘;i > exp k).
Then we have:
) m,; > j for each j € N
(2) lim sup,_, . IS,, 1T} < (2¢)%a7* ace.; and
) if Pyyy > Py + 1,then B}, | — B}, <2am;! exp(mg).

ProoF. We note that {B2}>_, is an unbounded nondecreasing sequence
of nonnegative numbers. For each k € N, we set

(5.10) A, = {j EN: exp k* < B} <exp(k + 1)*}.

It is possible that A, is empty for some kK € N. We observe that if j, € A, n
J €A, and k; <k, thenj, <j,. For each k €N, we define
max 4, ifA, #4,

Qyg—y =min U 4;, and ¢, = '
=k Q- A =2.

It is clear that {q,‘};:‘=1 is a nondecreasing sequence with the property that
(5.11) dax+1 Sqy +1 forallk EN.

Choose ky, € N such that ko > 2 + 2(1-0)71, We let {p, };_, be the increasing
sequence of distinct elements of {q,}r=x,-

To show that (1) holds, we first observe that Py = 4y for allj € N. Since
q; € A, for some I > j, we conclude from (5.10) that Bf,zl. > B§2i > exp(j). It
follows that m,; = j (see (5.9)).

In order to prove (2), it suffices to show that our sequence {p, };—, satisfies
(52) for p=1%,v=0 and r = 2j. For k > 2j, we have p, = p,; and hence

B:k > B3, > exp(m3;) (note (5.9))

= exp(j*) (by part (1)).

The inequality B,, > exp(%;®) holds for k > 2j and part (2) is thereby proved.

Finally we turn to (3). For all Xk € N we have p;, = q, and p, ., = q;,,,
where £ = max{l € N: p, = q;}. Noting (5.11), we infer that if p, , , > p, + 1,
then q,, ., > q; + 1 and hence & is odd. Thus we conclude that for each k €N
such that p ., > p, + 1, there exists j € N such that p, =q,;_, and p; ., =
4y It follows that A; # & since q,; ; # q,; and therefore

. Q
(5.12) exp(j%) <B§k < ngﬂ < exp((G + 1)Y.

We have B}, | — B3, <exp(j + 1)* —exp(j*). We have j > %(2j - 1)>

2(1-)~1 by construction of {px}x=1 and a simple argument which we omit
yields:

-1
exp(j + 1)® — exp(j*) < 2/°7 ! exp(j*) if j> 20170,
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The proof of part (3) is complete since it is clear from (5.9) and (5.12) that
m=j 0O

5.6. Before proving 5.2, we require a technical lemma.

LEMMA. Suppose that for a given sequence T = {X,};_, of finite non-

empty pairwise disjoint symmetric subsets of Ganda strictly increasing sequence
{n, Yo, of positive integers, we define a new sequence Tt = {X[}r_, where

n 1 n k
Xt = X, and X = X, fork>1.
1 l'L=Jl Y k ]=n,91+l i f

If corresponding to the terms S,, B, and M,, defined with respect to T, we define
S}:, B,‘: and M}: with respect to 0, then the following properties hold:

(1) 8§ = S, B} = By, and M, = My,;

(2) if u satisfies conditions 1 and 11 with respect to T (see 5.2) then u satis-
fies conditions 1 and 11 with respect to T; and

(3) {ni =1 is a B-sequence with respect to T (see 5.1) if and only if
{k};—, is a f-sequence with respect to Tt

PROOF. The proof is easy and is omitted.

5.7. Proor oF 5.2. In view of 5.6, we may suppose that {nk},‘;"=l is the
sequence {n},_,. For e >0 and v > f given, we set a = (1 + 2y + €)~!. Then
if {p,}p=, is a sequence of positive integers having the properties (1), (2) and
(3) of 5.5 for this choice of a, we readily deduce from the second of these prop-
erties that if it is true that

i -1 _ -1y —
(5.13) kl_l,r?° mpkgl:icpk“IS,,T,, Sp Tp | =0 ae.

then it will follow that
lim sup IS,IT;} < (20)%(1 + 27 + €)% ae.
n—»oo

Our proof will be complete since € > 0 and 7y > f are arbitrarily chosen.
We begin by showing that

G.14) kl-i.nl n:pk?:’épkﬂls" —Sple;; =0 ae.
We set

(5.15) s = max {2, 2(ec)"}.

Noting 5.5(1), we choose k, € N such that for all k¥ >k,
(5.16) 2amg™l < 1.

Now if p, ,y = pg + 1 for all k >k, then (5.13) is trivially true. Hence we
suppose that p, . ; > p, + 1 holds for some k >k, and for any such k, we have
by 5.5(3),
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.17 B;k_n - B:k < 2amg! exp(my).

By 4.7, we infer that

max S, - Spk)2

— . IN2(B2
n:p<n<py 4, < A4,(l0g2(pPy 4+, — P)“(B,

S

- n2
k+1 Bl’k)

where A, is the constant appearing in 4.7. We rewrite this inequality as

max S, =S, )*Sd\
IG n:pk<n<pk+l( n pk)

<A(log @4y ~PIN*BE,, ~BL Y

(5.18)

We estimate for k > k:

(5.19) < 2B(log Bpk“)" for some B > 0 (see 5.1)
-9 .9 2 a
2 - 27*B(log Bpk-n) .
Noting (5.17) and (5.9), we have for k >k such that p, ., > p, + 1.

log(Bf,“_ )< log(Bf,k + 2am?™! exp(m}))
< log(exp((m;, + 1)%) + 2m§~" exp(mg)
(520) < log(2 exp((m;, + 1)*) (see (5.16))
<2my, + 1)* <2 - 2%
< Agm2 s mie ) (exp(my))’.

Substituting (5.19), (5.20) and (5.17) in (5.18), we have for k =k,

- 2s 2ays,,.s(a—1) (3
J‘kagﬁpm(sﬂ S, S\ < Agm e me D exp(m)y

where A, is some constant independent of k. This inequality remains valid if
P41 = Py T+ 1 since the left side is equal to 0. We note that

2oys + s(@a—1) =52y + 1) —s =—ase (since2y+1=a"'—¢)
and that
TPk $=2 "Bpk 5(log log Bl’k) s
< 27%(exp(mg))~*(log log exp(¥m§))™ < (exp(my))~".

Thus we obtain

=50 Toe” 7 <At (see (5.15)).
IG "‘Pkén:)épkﬁ(sn Sp ) Tpy NS Agmi™ < Agmi ™ (see (5.15))
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Summing for & = k, and noting 5.5(2), we obtain

-]
28—2s8
> f max S, =S, VT2 d\ <.
. p p

We apply the monotone convergence theorem to obtain (5.14). Having established
(5.14), we conclude the proof by showing (5.13) to be true. We let

= T -1 g Rz
H {tGG. hr;cl_fgp ISPk(t)ITPk (2¢)*a” and

li max - -1 = o\,
klj»nu n:p,<n<pyq Is”(t) SPk(t)ITpk 0}

By 5.5(2) and (5.14), we conclude that A\(H) = 1. Let n> 0 and ¢t € H. Choose
k(®) € N such that

() Bpy () > exp(e)s
(i) m§~1 < (1/8)(2¢) %a™* for k > k(f) (note that m, — o by 5.5(1)),
(iil) maxy 5 (p) 1Sp, (D5 < 2(26)%a %, and
(iv) maxy.p, <n<ppqq 1) — Spk(t)lT;kl < /2 for k = k(t).
Our proof will be complete once we show for k = k(¢) that

-1 _ -1
win 22X, 15, O 1 = 5,07 <nj2.

Clearly we may suppose that p, , , > p, + 1. Let n be any number such that
Py <n <pg,,. Then since TPk < T,, we have

19,, (0T, = S,OT; "1

(521) <Is, T} - S, T+ T, IS, () = S,

< IS, T, - T + TS, ()= S, ().
A simple calculation yields for B, > expe,

-1 _ p—1 ~-1p—2/p2 _ p2 —1p—2/n2
T, -T, <T, BB B,,k)<7'l,kﬁ,,k(13karl —ng).

Substituting this in (5.21), we obtain
18,, O, =S,

-1 p—2/n2 —n2 -1 -
<lspk(t)lTpkBpk(Bpk+l Bpk)+TPk ISpk(t) S, Ol

<20¢)*a7*B 2B, - B3 )+n/2 (by (i) and (iv)

<202¢)%a*2am2~! + /2 (by (5.9) and 5.5(3))
<n (by (). ©
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5.8. REMARKS. (1) Our result, 5.2, in the case where k = n,_ differs from
that of the classical law of the iterated logarithm insofar as we impose an added
condition on the B,’s. We note that

max [u)? < Y. lu(x)i> =B:-Bi_,.
XEQ, XEQ
Thus we see that our function u satisfies conditions I and II if

() B,, — %, and

(ii) max,_, ., B,2(B: —B%_,) log log B, = o(1) as n —> .

This observation enables us to deduce that in the case where u satisfies
conditions I and II, {n},_,
to be a B-sequence for any § = 0. Specifically we have:

(a) if B,, = exp(log n)!/8 for some B > 0, then u satisfies conditions I and
Il and {n},_, is a B-sequence;

(b) if B,, = exp(exp(log log n)?) then u satisfies conditions I and II and
{n};— is a O-sequence;

(c) if B, = log n, then u satisfies conditions I and II and {n},_, fails to
be a B-sequence for any §> 0.

The verification of these claims is straightforward and we omit it.

(2) In the cases where 8 = 0, the upper bounds given for the lim sup in
5.2 are the best possible for P, a 2-Stetkin set and P, a 1-Steckin set. To see this,
we examine the example given in 3.2. However, instead of setting u identically
equal to 1, we define u to be a function u: x(1,/ + 1) — u; which satisfies con-
ditions I and II and for which {n},_, is a O-sequence. (For instance, set u; =
B, and u, = (B — B2_,)* where B, = exp(exp(log log n)?) as in (b) above.)
We note that if x € Z(2)" is such that x, = 0, then

S, (x)=2 i ux(j + 1)(x) and B, = 2*(% uiz)%.
j=1

=1

may be a B-sequence for a given § > 0 or may fail

It is easily verified that {x(j + 1): j € N} is an independent set of functions on
Z(2)N and we can apply 1.3 to conclude that for x, =0,

lim sup S,(x)(2B2 log log B,)™*
n—>oo

n
=2%limsup X x(j + 1)(x)
n—e iy

M <2<]§ u})log log <2%<l§ “12>%>>‘,s

=2% for almost all x such that x, = 0.

A similar result is obtained for an arbitrary finite union of 2-dissociate sets viz.
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there exists a set P which is the union of m 2-dissociate sets such that for some
T and u, we have

lim sup Sn(2B,2, log log B,,)—'/‘ =m"
n—>oo

on a set of positive measure. In this case, we examine the set P =
Ui";l {X(Fj, k +n): kEN} where Fy, ..., F, are distinct subsets of {1,2,. .., m}
and compute the lim sup on the set {x € Z(2)": Xy =xy=+"=x, =0}L

A similar analysis using the example given in 3.3 yields that the upper
bound given in 5.2 is attained for a set having the property (R,). Obviously we
can extend this result to the finite union of sets having property (R,) in the
manner suggested above.

(3) As remarked in 5.4, no positive lower bound for the lim sup exists
unless we impose the restriction that card X,, be bounded for all #n. In any case,
no such bound exists for the examples given in (2) since for these we have S, =
0 on a set of positive measure. In the case where card X, is bounded for all n
and P is a set having the property (R,) (in particular a 2-dissociate set), we might
expect a positive lower bound to exist in view of the fact that these sets are
precisely the sets that satisfy the Gaussian law.

(4) For the special case where G = T, the circle group, our result 5.2 is
only partially comparable with Mary Weiss’s theorem (see 1.4). It is well known
that the dual group G, in this case, is isomorphic to the additive group Z. We
observe that a 2-dissociate set {n,: k € N} is one for which Z,cp en #0if F
is a nonempty finite subset of NV and ¢, = +2, +1. It is readily shown that a
Hadamard set {n,: k € N} of positive integers for which n, , , /n, > 3 for all
k €N is a 2dissociate set and any Hadamard set is the finite union of sets of
this kind. However, a 2-dissociate set may fail to be the finite union of Hadamard
sets (see Hewitt and Zuckerman [1]). Clearly our results apply to a larger class
of lacunary sets than does Mary Weiss’s theorem though our conclusions are
weaker. It should also be noted that our results work for any partition T of Z
into finite symmetric sets whereas Mary Weiss’s results are shown for the natural
ordering of N.
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